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Abstract— Structural stability is a necessary condition for
successful construction of an assembly. However, designing
a stable assembly requires a non-trivial effort since a slight
variation in the design could significantly affect the structural
stability. To address the challenge, this paper studies the
stability of assembly structures, in particular, block stacking
assembly. The paper proposes a new optimization formulation,
which optimizes over force balancing equations, for inferring
the structural stability of 3D block stacking structures. The
proposed stability analysis is verified on hand-crafted Lego ex-
amples. The experiment results demonstrate that the proposed
method can correctly predict whether the structure is stable.
In addition, it outperforms the existing methods since it can
accurately locate the weakest parts in the design, and more
importantly, solve any given assembly structures. To further
validate the proposed method, we provide StableLego: a com-
prehensive dataset including 50k+ 3D objects with their Lego
layouts. We test the proposed stability analysis and include the
stability inference for each corresponding object in StableLego.
Our code and the dataset are available at https://github.
com/intelligent—-control-lab/StablelLego.

I. INTRODUCTION

Recent advancements in robotics enable intelligent robots
to perform assembly tasks, such as Lego construction [1],
[2], [3], toy insertion [4], electronic assembly [5], etc. A
good assembly design (e.g., stable) is necessary for suc-
cessful construction. However, designing assembly requires
a non-trivial effort since a slight variation could significantly
influence the task. Figure [I] showcases examples of both
valid and invalid designs. Two valid Lego designs are shown
in Fig. and However, tiny modifications, e.g.,
adding one brick as depicted in Fig. and can
cause the structures to collapse. Interestingly, the same small
adjustment can stabilize collapsing assemblies, as seen in
Fig. [I(3)] and [I(6)] Despite the significant impact, these
slight variations are barely perceivable to humans. Conven-
tional approaches leverage rapid prototyping techniques, e.g.,
Computer-aided Design (CAD), to iteratively improve the
design [6]. However, assembly prototyping is usually time-
consuming and the iterative process could be expensive.

In particular, this paper considers structural stability, which
is a key factor that influences the quality of an assembly
design. It is important to ensure that the assembly design is
stable so that an agent can safely perform the construction.
Specifically, this paper focuses on block stacking assembly,
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(1) 19-level Stairs. (2) Adding one level. (3) Valid 20-level Stairs.

(4) A lever with 2 pink (5) Adding one load. (6) A valid lever with 3

loads. pink loads.

Fig. 1: Examples of valid and invalid Lego designs. The left and right
columns are valid designs and the middle column shows collapsing designs.

where people use different blocks to build 3D structures.
We will use Lego, which is a more complex type of block
stacking assembly, to illustrate the concept. The top left
diagram of Fig. [2| illustrates the interlocking mechanism of
Lego assembly. A Lego brick is stacked on top of another to
form an assembly by inserting the knob into the cavity. The
tight fit of the insertion causes deformation, which generates
friction to hold the assembly stable. Recent works leverage
simulations to predict the structural stability of assembly
designs [7], [8], which is applicable to regular block stacking
assembly (i.e., blocks with smooth surfaces). However, to the
best of our knowledge, existing simulations are not able to
simulate the interlocking mechanism of Lego. Therefore, it is
challenging to evaluate the stability of a given Lego structure.

To address the challenge, this paper proposes a new
optimization formulation to infer the structural stability of
block stacking assembly. This formulation leverages the rigid
block equilibrium (RBE) method and optimizes over force-
balancing equations. The proposed method is tested and
verified on hand-crafted Lego examples. The experiment
results demonstrate that the proposed stability analysis can
correctly predict whether the structure is stable. In addition,
it outperforms the existing methods since it can locate the
weakest parts in the design and, more importantly, solve any
given assembly structure. To further validate our method, we
provide StableLego: a comprehensive Lego assembly dataset,
which includes a wide variety of Lego assembly designs for
real-world objects. StableLego is a novel benchmark that
could facilitate research in related areas. The dataset includes
more than 50k Lego structures built using standardized Lego
bricks with different dimensions. We apply the proposed
stability analysis to the dataset and include the stability
inferences in the dataset. To the best of our knowledge,
StableLego is the first Lego assembly dataset with stability
inferences. Our stability analysis implementation and the
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Fig. 2: lllustration of the force model of Lego assembly.

StableLego dataset are available Htps://github.
com/intelligent-control-lab/StableLego

II. RELATED WORKS

In this paper, we mainly focus on the stability of block @ @ ® @
stacking structures [9]. The nite element method (FEM)Fig- 3: lllustrations of the single-connected assumption. (1) A single-
s widely used in analyzing complex assembly structurefTeCdeSn, () An asserbly desgn vt s ot sngle comneced (2
[10]. However, it is usually time-consuming if accuracy iSstructure. White: oating bricks.
required [11]. Due to its customizability, Lego assembly has
been recently widely studied [12], [13], [14]. Prior worksthe assumption is violated. Although high-quality assembly
design rules to intuitively evaluate the structural stability€signs usually assert single-connectivity, preliminary raw
and improve the assembly design [15], [16], [17], [18]designseg., a design from generative Al, may violate this
[19], [20], [21]. Such rules can be, for instance, maximizin@ssumption. Figure 3(3) illustrates an example 3D structure
the number of knob-to-cavity connections; minimizing thdfom generative Al [29] with its corresponding prompt.
number of bricks; and maximizing the number of brickDespite the promising overall 3D shape, the corresponding
orientation alternations. Although these rules provide insigh{sg0 design could be imperfect as shown in Fig. 3(4) since it
into Lego structural stability, they are dif cult to apply to contains oating bricksie., the white bricks). Such a design
other block assembly tasks. Moreover, these pre-de ned rul¥lates the single-connected assumption and is not solvable
only provide intuitive understanding instead of quantitativdy existing methods.
measurements with physical implications. Recent works [7],
[8] leverage simulators with a physics engine to simulate
the behavior of assembly structures. However, it is dif cult
to simulate the interlocking mechanism between Lego bricks Following the idea of RBE, this paper formulates the
with existing simulators. Therefore, only block stacking withstability analysis as an optimization problem and solves
smooth surfaces can be addressed. Other recent works [22]force distribution by optimizing over force balancing
[23] directly train a neural network to predict stability. How-equations. Unlike the prior works, the key difference is that
ever, such learning-based approaches require a signi car formulation encodes the static equilibrium conditions in
amount of data, which is non-trivial to generate. the objective function while imposing additional physical

On the other hand, the rigid block equilibrium (RBE)constraints on the optimization. Similar to existing RBE
method [24] formulates the stability analysis as an optimethods, we assume all assembly componeings (ego
mization problem and solves a force distribution that sabricks) are rigid bodies, and factorad., material, tempera-
is es the static equilibrium constraints. It is widely used inture, etc) will only in uence the friction capacity in (6). In
evaluating the structural stability [24], [25]. Recent worksaddition, we assume all connections between bricks are well-
[26], [27], [28] have utilized RBE-based techniques to evalestablishedi.e., all cavities and knobs are snapped together
uate and optimize Lego layouts. However, these existinigr all connections. The proposed formulation can be easily
methods assume that the block assembly design is singfeduced to regular block stacking assembly.
connected. Figure 3(1) illustrates a single-connected Lego
design, whereas Fig. 3(2) depicts a design that is not singte: Force Model
connected since the top three bricks do not have a con-Figure 2 illustrates the force model in our stability anal-
nected path to the ground. Existing methods would fail if/sis, which is adopted from Luo et al. [26]. The middle

IIl. STABILITY ANALYSIS
OF BLOCK STACKING STRUCTURES



diagram of Fig. 2 depicts the potential forces exerted o# contact points. Similarly there are 8 dragging candidates
a single Lego brick in an assembly. Given an assembB, = fD% jj 2 [1;8]g and 8 knob pressing candidates
consisting of N bricks, we denote a brick aB;, where K, = fK} jj 2 [1;8]g. Since there is no brick right next to
i 2 [1;N]. For anyB;i, it has the gravityG; = m;gapplying B,, H, does not exist. We can derive the force models for
on it, wherem; is the brick mass ang  9:8 N/kg. If there B3 and B, following the similar rules as listed in Fig. 2.
is a connection to the top knoB, will experience pressing _ o
force P; (i.e., the blue arrow) pointing downward due to theB- Static Equilibrium
weight of the structures above it, as well as pulling force An object reaching static equilibrium indicates that it will
U; (i.e, the red arrow) pointing upward due to the tightnot fall or collapse. To ensure a stable Lego structure, we
connection of the knob. Similarly, if there is a connectiomeed to ensure that each brigk can reach static equilibrium
to the bottom cavityB; will experience supporting force so that the structure will not collapse. For a given Lego
S (i.e, the purple arrow) pointing upward due to the rigidstructure withN bricks and each candidate forée has
structure below it, as well as dragging forEg (i.e, the Mg, candidates, the static equilibrium enforces BBt;i 2
green arrow) pointing downward due to the friction from thg1; N ], we need to satisfy
connection. If there are bricks right next B, there will e,
also be horizontal pred3; (i.e., the yellow arrows) pointing cf =G + ' . (1)
towardB;. If a knob or a cavity oB; is connected, there will i = ’
be horizontal presk; within the knob {.e., the cyan arrows)
pointing in horizontal directions that prevent the brick from G, K Fi j _
sliding. Note that each connection will generate 4 horizontal G =L Gi + . (i Fi)=0 @
press force components in the 4 horizontal directiores, _ _ ) = _ )

X and Y, pointing inward toB;. Also, note that only F! 2 Fi = fS/*;P!*;Dl>;0/V; A" Ki* ]
G; is a force constantly exerting dB; independent of the js 2 [LMgLjp 2 [L;Mp,Liip 2 [1;Mp,]
assembly structur&; ; Pj; Di; U;; Hi; K are forces that may ju2 [LMuLin 2 LMy Lik 2 [1:Mk,]g:
or may not exist depending on the structure. In the following ' ' '
discussion, we refer to these forces as candidate forces. where denotes the vector cross-product operatiof. is

The middle and bottom gures on the left of Fig. 2the force lever of the force vect®t on brickB;. Equation (1)
illustrate different connections of bricks. Depending on thenforces thaB; reaches force equilibrium so that the brick
different dimensions of theéop bricks, there are different would not have translational motion. Equation (2) enforces
numbers of contacting points that generate friction to hold th@at B; reaches torque equilibrium (also referred as moment
knobs of the bottom bricks. If the top brickis X, where  equilibrium). This indicates that the brick would not have

X 2 N;X 1, each connected knob has 4 contact pointgotational motion. Satisfying both (1) and (2) indicates that
If the top brick is2 X, X 2, each connected knob hasthe pricks are static and the structure is stable.

3 contact points. If the top bricki® X,Q 3;X Q, .
the connections on the edge have 3 contact points whife Constraints

others have 4 contact points. In our formulation, instead of  a) Non-negativity:We assume all components are rigid

summing up the candidate forces and assuming only omgdies. Therefore, the value of each force should be non-
vertical candidate for each of ti&; P;; D;; U; within each negati\/e_ Let the value dirij 2 F; be FiJ , we have

knob-to-cavity connection, we assume the vertical candidate . J_

forces exist at each of the contact points. G F O 3)
The I’.Ight. gure in Fig. 2 illustrates the force models for b) Non-coexistenceAt any given contact point, the

each brick in an example Lego structure. The white contours - '

-~ . . ulling force 0} and the pressing forcB! cannot coexist.
|nd|cate_the cpnnected knobs for each brick. If there is n Ul > 0, the top brick is pulling the bottom brick upward.
connection, either on top or below a knob, there are ng, '

candidate forces exist. The bottom of the diagram lists hr:;nptjh e_r% |s|f nF?j v;/eggt::];onat(:]ic:eoig xjga?ﬁfgje%“gﬁ’ tﬁgd
LRI . i ’

the potent_ial forc‘?s that are exerted on the brick. Al.l briCk%ottom brick. Therefore, the top brick cannot be pulling the
have gravity applied to them. Fd@,, since only the right- bottom brick upward. S}milarly the dragging for(:‘eq-i and

most knob has & 2 brick connected on top of it, it has . i ; .
4 pressing candidate®, = fPL: P2: P2: PAg and 4 pulling the supporting forc&; cannot coexist. The non-coexistence
o1 101 property gives the constraint as

candidatedd; = fU0};0%; U3; U}g since the connection has

4 contact points. And there exist 4 knob pressing candidates " ( Pl U =0

K, = fK{;KZK3;K{g in 4 horizontal directions. Since cl: Dlj S; -0 (4)
there exists a brickif., B3) right next to it, it has a b

horizontal press candidaté; = fHig. Similarly for B, c) Equality: Newton's third law states that for every

since there are only connections below it, there iSthoor  action, there is an equal and opposite reaction. At a given
P,. Due to the cavity connections, there are 8 supportingontact pointg, let the bottom brick beB; and the upper
candidatesS, = fS, j j 2 [1;8]g since each cavity has brick beB;. The supporting forcsjq and the pressing force



PY are such an action-reaction pair. Similarly, the pulling D,\',Irgggs('g)” Yoas 051 et 2628

force U and the dragging forcéjjq are also an action- Dimension 1 8 2 2 2 4 2 6

reaction pair. Also, the knob pressing candiddtesandK; Mass(@) 303 115 216 323

are also action-reaction pairs. LBk be a brick adjacent to TABLE I: The masses of different Lego bricks with different dimensions.
B;, then the horizontal pres3; andH are also an action- Highlighted bricks are the ones used in the experiment.

reaction pairs. Therefore, we have the equality constraints . : .
constraints can relax the single-connected assumption and

as 8 sl = pd solve the stability of any structures. Aside from the objective

EUJq _ D'q function, (7) also imposes more equality constrairits.,(
cT:_ 7 (5) (4) and (5)) than prior works to improve the accuracy of
g Hi = H predicted stability.
" K= Kj: Given the solvedF, the stability of each brickB; is
d) Friction Capacity: As shown in the left diagram of estimated a%
Fig. 2, Lego bricks are held together due to the static friction 1 ARSI o o 8
(i.e, U andD) at the contact points caused by deformation. T 1 9 D™ e Oiherwise (®)

The structure is stable if the friction is within the limit. In T

our analysis, we assume all deformations are identical arfdi structure is stable if all bricks are stalle, 0 Vi <
all frictions share the same limi. A structure is stable if 1,81 2 [1;N]. It is worth noting that the friction capacity

all friction forces do not exceed the limit. Thus, we have thé6) is not imposed as a constraint in (7). Instead, we add
capacity constraint as the friction terms in the objective function to minimize the

. solved internal friction. And use (6) in (8) to determine the
T o uv T S T [LN]  Stuctural stability.
0 DI® T;8p2[LMp,]
(6) IV. EXPERIMENTS
Our experiment considers standard Lego briéles, rect-
angular bricks with solid colors and a height 8femm.
Following the intuition in RBE [26], a given structure is Bricks with dimensiorQ X are uncommon on the market,
stable if there exists a set of forcEsthat satis es (1) to (6). and thus, we mainly considek X and2 X bricks.
We can use the force distribution to estimate the stability dfable | shows the masses for each brick. To avoid uncertainty
the structure. To solv€, we formulate the optimization as in manufacturing, each brick's mass is measured using the

D. Stability Analysis Formulation

( Mo ) average of 10 bricks. We use bricks that are highlighted in
arg minX\I jCifj +iC j+ D M 4 ' D{ ; table I. sipcg they are most _commonly used. Our s_tability
Fooig =1 analysis is implemented using Python and Gurobi [30].
. (7y We haveT = 0:98N, = 10 Sand = 10 6. Our
2 Ci__ implementation is available dtttps://github.com/
subject to; C!  ;8i 2 [LN]: intelligent-control-lab/StableLego . Al re-
" CT sults are generated on an Intel i7-13700HX with 32GB RAM.

where D™ = max; D! is the maximum dragging force A- Stability Analysis Accuracy

for a brick B;. The objective function minimizes the static We implement Luo et al. [26] as our baseline. However,
equilibrium values in (1) and (2) as well as the maximunthe original formulation in [26] only considers (1) to (3)
friction and the total friction in each brick. The terrj@ifj and (6). Thus, we implement an enhanced version of [26]
andjC; j encourage the solver to solve a distributionFof as theenhanced baseline (EB)y integrating (4) and (5).
that makes the structure to reach static equilibri®  We rst evaluate our stability analysis algorithm on several
tries to argohi/ld extreme values among the dragging forces hand-crafted Lego structures as shown in Fig. 1. Figure 4
Bi. And j:'i‘ D! encourages the solver to sol#ewith illustrates the comparisons between our analysis resuats (
minimum internal friction. and are tunable weights the top row) and the EB's prediction.€., the bottom row).

to adjust the inuence of the two terms so that they ddVe do not include the predictions from the original baseline
not take over the effect of the static equilibrium. Note thabecause it fails to distinguish the structures and predicts that
the key difference between (7) and previous works is thatl six structures are stable.

instead of imposing static equilibrium (1) and (2) as equality Figures 4(1) and 4(7) correspond to the structure in
constraints, we encode them in the objective function. ThiBig. 1(1). The structure can be built in real, and both methods
is critical since enforcing them as constraints is essentialipdicate that the structure is stable. However, our method
assuming there existsRathat satis es the static equilibrium. indicates higher internal stress at lower levels, whereas the
If a given structure does not have such ahe formulationis EB cannot distinguish the stresses at different levels. The
voided. An example could be a structure with oating bricksstructure in Fig. 1(2) collapses, and both methods indicate
Including them in the objective function instead of as hardhat the structure is unstable. However, ours accurately



(1) Ours Fig. 1(1) (2) Ours Fig. 1(2) (3) Ours Fig. 1(3) (4) Ours Fig. 1(4) (5) Ours Fig. 1(5) (6) Ours Fig. 1(6)

(7) EB Fig. 1(1) (8) EB Fig. 1(2) (9) EB Fig. 1(3) (10) EB Fig. 1(4) (11) EB Fig. 1(5) (12) EB Fig. 1(6)

Fig. 4: Comparison of the proposed stability analysie.{ rst row) and the EB {.e., second row). The analysis results from left to right correspond to
the structures shown in Fig. 1(1) to 1(6). Black: bricks with less internal stress; Red: bricks experiencing higher stress; White: collapsing bricks.

. . . . s e Baseline [26]  Enhanced baseline Ours
pre_dlcts the collapsing point.¢., the wh|te brick in Fig. 4(2)) Solvabie Count 158 116 555
while the EB cannot as shown in Fig. 4(8). To observe the  solvability 57:92% 51:56% 100 %
actual collapsing point, we hold the structure before it is  False Count 12 1 1

| Stability Accuracy 90:63% 99:14% 99:56%

nished so it does not collapse during construction. After all
connections are established, we remove the external SUPPTOABLE II: Stability analysis results on a subset of StableLego dataset,
and observe the collapsing point. As shown in Fig. 1(2);e. 225 Lego objects.

the structure collapses at the predicted location. Similar _ ) o .

results are shown in Fig. 4(3) to 4(6) and 4(9) to 4(12), Figure 5 illustrates the stability analysis results of our
which correspond to the structures in Fig. 1(3) to 1(6) method on example valid designs in StableLego. The top

We can see that even though both methods can estim&g¥/ Shows the original object, and the middle row depicts
structural stability, ours gives a more precise estimaﬂor‘ihe stability analysis of the given Lego brick layout. The third
ow shows the Lego structure built in real following the given

which generates more realistic internal stress distributlorL
and predicts the weakest connection paints. rick layout. We can see that our method correctly predicts
that all structures are stable. Figure 6 shows examples of
B. StableLego Dataset invalid Lego designs. Our method correctly indicates that
A large-scale dataset is essential for benchmarking vatihe structures will collapse.¢., the middle row). In addition,
ous assembly tasks. However, it is time-consuming, if ndhe structures collapse at the predicted collapsing points as
impossible, to design a large number of different Legshown in the third row.
objects manually. To this end, we presesitableLegp a We use StableLego to conduct a thorough comparison
comprehensive dataset that provides arti cially generatebetween our proposed method and the baselines. Due to
Lego brick layouts for a wide variety of different 3D objects.the large scale of StableLega.g, 50k+ objects), it is
StableLego is developed based on the ShapeNetCore datgwettically impossible to physically build and verify each
[31]. It includes more tharbOk of different objects from of them. Thus, we randomly sampled a subset, (225
55 common object categories with their Lego layouts. Foobjects) and physically build each of them to verify the
each object, we downsample the original 3D object to atability analysis result. Table Il demonstrates the numerical
20 20 20grid world and generate a corresponding brickcomparison between our method and the baselines. First, we
layout. In particular, we merge unit voxelsg[, 1 1) into compare the solvability of each method. Given a structure,
larger bricks and prioritize merging voxels that have ndat is solvable if the algorithm can give a solution. We can
support under them. The dataset contains a mix of simpgee our method achievd®90% solvability, which means it
and complex structures, in which the simple ones have lessccessfully generates predictions for all of the 225 objects.
than 5 bricks, whereas the complex ones can include up ktowever, the baseline can only sol&:92% of the test
more than 1100 bricks. Note that the focus of this datasset since it imposes the equilibrium conditiorise.( (1)
is not providing optimal brick layouts. Thus, the dataseand (2)) as constraints. Similarly, the EB can sabie56%
contains a mix of valid and invalid brick layouts for testingof the test set, which is even lower due to the additional
the stability analysis accuracy. The dataset could be useddonstraints ie., (4) and (5)). When applying the analysis
inspire creativity in building Lego objects. More importantly, methods to the entire StableLego, the baselines can only
it provides a novel benchmarking platform for verifyingsolve approximately33% (i.e., 17k) of the entire dataset,
the performance of structure stability algorithms as well aghile our proposed method can solve all of them. Second, we
facilitating research in related areas. We include the stabilignalyze the accuracy of each stability analysis algorithm. The
estimation using the proposed formulation for each Legstability accuracy is de ned ag—N N¢ is the number of
structure. Prior work [32] provides a Lego assembly dataséicorrect predictionsi.e., false count and\s is the number
with over 150 designs generated from video input. To thef solvable samplesi.e., solvable count. We can see that
best of our knowledge, StableLego is thst large-scale our method achieves the highest prediction accuracy. It only
Lego assembly dataset with stability inferences. has one false prediction out of 225 solvable structures. The
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Fig. 5: Example valid designs in the StableLEGO dataset.
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Fig. 8: Computation time for the stability analysis. Blue: 50 percentile.
Yellow: 75 percentile. Red: 25 percentile. Dashed: overall time. Solid: time
for solving (7).

Fig. 6: Example invalid designs in the StableLEGO dataset.

(7). To quantitatively evaluate the computation ef ciency, we

test our stability analysis in a controlled setting. In particular,
(1) Lego structure. (2) Our analysis. (3) EB's analysis. we use unit Lego bricksi.e.,, 1 1) to build cuboids with
different dimensions up td0 10 10. The top gure in
Fig. 8 shows the computation time for solving the structural
false example is shown in Fig. 7, in which our methodstability with different numbers of bricks. We can see that our
predicts that the structure will collapsiee(, Fig. 7(2)) but method is ef cient since it can estimate the stability within
turns out to be stablei.€., Fig. 7(1)). This might be due 1s, and mostly even within 0.5s. The overall computation
to the model mismatch since the force modet.( Fig. 2) time (.e, the dashed lines) is less than 1.5s, and mostly
is a simpli ed approximation of the real-world model. By within 1s. As the size of the structure grows, it contains
imposing additional constraints, the EB also only has oneore bricks and takes longer to estimate the stability. To
false prediction, which is the identical one in our methodurther evaluate the computation ef ciency, we show the
(i.e., Fig. 7(3)). However, by comparing Fig. 7(2) and 7(3)computation time of solving the stability of StableLego in
our method gives a more realistic force distribution. Orthe bottom gure of Fig. 8. In general, it takes longer time
the other hand, the baseline has signi cantly more incorredor the structures in StableLego since it contains a wider
predictions, and thus, has the lowest stability accuracy. Dweriety of Lego bricks and the structures are more complex.
to the lack of constraints, it incorrectly predicts unstablélowever, our method is still able to solve ef ciently. When
structures to be stable. having less than 300 bricks, our method can solve within 1s.
As the number of bricks grows, the complexity increases, and

C. Stability Analysis Computation Time it takes a longer time. But we can still expect it to estimate
It is desired that the stability can be ef ciently estimatedthe stability within several seconds.

For the structures in Fig. 1, on average, the analysis results ]

shown in Fig. 4 are solved withi@1s overall by our method D- Extension

(i.e, constructing the optimization problem (7) and then Our experiment only uses the highlighted bricks in table I,
solving it), and0:01s if we only count the time for solving but the proposed stability analysis formulation applies to

Fig. 7: The false prediction from ours and EB in table II.
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